D = diffusivity of dissolved gas
d = diameter of packing particle
ky, = liquid-film  coefficient  for
physical absorption
ky, = average value of k; over en-
tire surface of packing
L = liquid mass velocity
N = average rate of absorption
per unit area of wetted sur-
face in packing
Q (t) = quantity of gas absorbed by
unit area of stagnant liquid
of effectively infinite depth in
time ¢
r = first-order
constant
7’ = second-order reaction-velocity
constant
s = fractional rate of surface re-
newal
t = time of exposure of liquid to
gas
e =ratio of N with reaction to N
without reaction, other things
equal
o = average value of a over entire
- surface of packing
8 = constant in Equation (20)
0 = effective exposure time of
liquid on packing
p. = viseosity of liquid
¢ = density of liquid
¢(t) = distribution function for
local surface ages

reaction-velocity

¢ (k) = distribution function for
local values of %, '
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Heat Transfer in Cylinders with Heat Generation

Leonard Topper

The Johns Hopkins University, Baltimore, Maryland

The prediction of temperatures has been studied for a tubular flow reactor when
heat is generated at a rate which is a linear function of the local temperature. An-
alytical solutions are presented both for the case where the wall is isothermal and
for the case where the exterior surroundings are isothermal and the heat transfer co-
efficient between the tube wall and the surroundings is constant. This analysis should
be helpful for estimating local temperatures and also for predicting the transient
response to changes in one of the independent operating variables. N

One of the fundamental chemi-
cal engineering problems is the
prediction of temperatures in a
flow reactor. The temperature pat-
tern is dictated by the inlet tem-
perature of the fluid, heat genera-
tion within the fluid due to chemi-
cal or nuclear reaction, heat trans-
fer to the surroundings, the veloc-
ity distribution and transport

Leonard Topper is at present with Esso Re-
search and Engincering Company, Linden, New
Jersey.

Vol. 1, No. 4

properties of the fluid, and the
geometry of the reactor. Every
case of this problem has some
unique aspects, but there are
enough common features to make
a simplified theoretical analysis
desirable. The present analysis
should be helpful for estimating
temperatures in a flow reactor and
for predicting the transient re-
sponse to changes in an operating
variable.

ALCh.E. Journal

The assumption that the rate of
heat generation depends only on
the local temperature is valid for
chemical reactions only when they
are of zero order. The linear tem-
perature dependence of the heat
source may be viewed as an ap-
proximation of the exponential
variation of chemical reaction rate
with temperature.

The reactor is taken to be a tube
of radius s, through which the fluid
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flows at uniform and steady veloc-
ity V. The fluid enters the tube at
a uniform and steady temperature
t,. Heat is generated within the
fluid at a rate which is a linear
function of the local temperature.
The tube is surrounded by a medi-
um at the constant temperature t,,
and the heat transfer coefficient
between the fluid and its environ-
ment is a constant, z. When A is
infinite, it is implied that the fluid
in contact with the tube wall is
always at the constant tempera-
ture %,

The differential equation of heat
convection with a volume heat
source is (2)

A Ak s
:
o _ a
- avt

Here t is temperature; « is time;
Ve V, V, are the components of
the velocity in the z, v, z direct-
jons; ¢ is the rate of heat genera-
tion per unit volume and time; ¢
is the density; ¢ is the heat ca-
pacity; and o« is the thermal dif-
fusivity of the fluid. The conditions
assumed are

a. Steady state.

b. Symmetry of temperature about
the axis.

¢. Fluid velocity in « direction only
(axial velocity) and equal to V.

d. Physical properties of the fluid
independent of temperature.

e. Axial conductivity negligible
(0%t)0x2<C<O2t/Qr2 + 1/r Ot/or)

2 2
(fredtyrs)
oz or’

f. Heat generation a linear funec-
tion of temperature: g/pc = At<+B.

Then by use of cylindrical co-
ordinates,

ot _ <_8L+_1__8t_> +
aT

r or

At+ B )

The appropriate initial and
boundary conditions for the dif-
ferential equation (2) are (3) and
either (4) or (5):

Atz =0,1=1 3)

Atr = s, = i, (isothermal wall) (4)

or k (*Sfj)ra?: —_ h (t —ts)r—_—s (5)
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(heat loss to surroundings at con-
stant temperature)
The solution to the problem of

C

the constant source (A4 =0) with
boundary condition (4) has been
presented (3) and is

2 N g ez
t—1, 2 [ Bs ] " sV s
— = 1-— J, (Buw) e +
bote nesl Bu 1 (Bn) a (t,—t,) B

Bs

The J, and J, are Bessel func-
tions of the first kind and of zero
and first order respectively, and the
8, are the positive roots of the
equation J,(B)= 0. The first three

=]

t—:t— =E N‘nJa ()\MX))G

n=1

o

2

sV s

8, are 2.40 5.52 and 8.65.

When the boundary condition is
(5) rather than (4) and the source
term 1is constant (A =0), the
solution has the form

(7

The 2, are the positive roots of the
equation

Ms Q) =227, (M) = 0 (8)

These roots are tabulated as
Table 38 of Carslaw and Jaeger
(1). hs/k is a kind of Nusselt
number, with & being the film heat
transfer coefficient of the surround-

ings, and %k the thermal conduc-

tivity of the fluid itself. The N,
are caleulated to satisfy the initial
condition (8). Use is made here of
the Dini expansions of unity and
of w2 (4):

hs - Jo O\aw)
R
9)
I R
h

!
i
M 8

=1
&

Nads (o) + = 1 )[BS (1+2

2) — ts] (11)

The Dini expansion on the right must equal

Bs’ ( 2k 2> t
P =ty N T ey

so that

|

[x;‘: + (%)} o ()

+

hs [1+ L,

2 2k >

t,—1, Ao (t,—ty)
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5o |2 (22 <‘X“>]}

do (t,—15)

(12)
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Fig. 1. Temperature at axis of tube.

and the solution is

2 27_6_ 2)__ w©
t—t, 1 [BS <1+‘§h v t3]+22 hs
t—ts  to—ts 4o

() o

{[lJr =t

. 2k >
w B <1+‘E‘ }Jr B’ {276 +1__4_}}
4o (t,—ts) 4o (b, —1s) sh A2
Nz
Jo (Aaw)e v (13)

Table 1 contains the first three
roots of Equation (8) for some
values of %Zs/k.

Figure 1 is a graphical represen-
tation of Equations (6) and (13)
respectively in terms of various

groups, t, =0 being assumed.
The solutions to the complete

Equation (2) are somewhat more

complex. When the wall is isother-

(A =0, t =0, a/sV = 10-2).
Bs’ hs
at, "k =10 (1)
Bs® hs
_o—zt—o— = 10, —7‘;— = ® (2)
Bs® hs
Pl i
Bs® hs
raiall Ry el @
T T
10
2 ]
w /
R
£ |
i5 ‘
10 ‘.
\
N |
as
« w@ ‘!
b -] 20 40 [ 1+ a0 100
X
S

Fig. 2. Temperature at axis of tube,
temperature-dependent volume heat

source (t, = 0, B/A = 0, a/sV =
10-2).
As —1. hs
% = 10 e 10 (1)
As _ —1s hs _
v 10 = | 2)
As hs
- = b= 3)
As o hs
As —2, hs .
v =10 % = 10 (5)
TABLE 1.—RooTs of EqQUATION (8)
hs/k M Ao As
0.01 0.141 3.83 7.02
0.1 0.442 3.86 7.03
1.0 1.26 408 7.16
10.0 2.18 5.03 7.6
0 2.40 5.52 8.65
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mal [boundary condition is Equa-
tion (4)], the solution has the form

2ot 4)

N NACHE
S RNES)

it will satisfy the

4 B <zs+ B > J"[(‘%‘z)%w] +§

+Nn] Jo (Baw)e (14)

Equation (14) satisfies the boundary condition (4);
initial condition (8) if

EN T, (Ba0) = — <zs+ L > ” Ké&s—)iw] (15)

Use is made here of the Fourier-Bessel expansion of J,[(As?/a)2w] (4):

[y 2ol oo

« 2 16
= (gAY e
(21

Then the solution to the problem of linearly temperature-dependent heat
sources in a fluid whose wall is maintained at a constant temperature is

2 { ol (40)] X
=t _ T 5 T e/ 1 2 1 (t
to—t ._ to_ts l A 2 % ta—'ts Bn Jl (Bn) ?
Ay ST
o
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by (o8], (2]

u Jo (ﬂnw)e v

A 2
2 As)

With boundary condition (5) instead of (4), the solution to differential
equation (2) is of the type

b (e B)af()]
BRI NS
|, o L= e ()]

+ }Jns o (Naw) e

The N, of (18) will satisfy the initial condition if

S SPPUN Go oF ()
= R e])

Use is made of the Dini expansion of

e

(19)

S~
>
|<'IJ

N’

Ds

>
P
Sl
&~
— 1
P
B
N
LS
i
S
T~
I
S’
~
| —
N
N
[ %
~
| I
e
&~
>
S
=
p——

(20)

B
ts+74_"

t—t, a _ ]
t,—1s - o — 1 1 1 IJ +
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Equations (17) and (21) are
presented in Figure 2, which plots
the temperature at the axis of the
tube as a function of the dimen-
sionless distance downstream, the
other variables of the problem be-
ing treated as dimensionless para-
meters.

An important aspect of solutions
(17) and (21) is that the down-
stream temperature can increase
out of bounds if A>5.76 a/s2 [iso-
thermal wall, Equation (17)] or if
A>a();/8)2 [Equation (21), 2, is
the smallest root of (8)]. The as-
sumptions of uniform velocity and
of heat transport in the radial di-
rection by conduction only are not
practical; however, the form of the
results developed above should be
useful for cases of turbulent flow
if a turbulent eddy diffusivity for
heat is used in place of the ordi-
nary thermal diffusivity of the
fluid.

NOTATION
A, B defined by q/ec=At+ B
Jo, J1, Jo = Bessel functions of the
first kind and zero, first and
second order
N,, = coefficient of various Fourier-
Bessel and Dini expansions
Vo Vi Voy V =local velocity in z,
y, and 2 directions; uniform
velocity in 2« direction
¢ = heat capacity
h = heat transfer coefficient in
region exterior to fluid
k = thermal conductivity of fluid
g =rate of heat generation per
unit volume
7 = radial position coordinate
s = radius of tube
t, £y, t, = temperature, temperature
at x = 0, temperature of sur-
roundings (7r>>s)
w=r/s
a = thermal diffusivity = k/¢e
B, =a zero of J,(B)
A, =a zero of AJ;(W)— hs/kJo(X)
o = density
T = time
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